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The Fundamental Equations of Deep Learning



What is a Deep Network?
VGG, Zisserman, 2014
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What is a Deep Network?

We assume some set X of possible inputs, some set ) of pos-
sible outputs, and a parameter vector @ & Re

For ® € R? and z € X and y € YV a deep network computes
a probability Pg(y|z).



The Fundamental Equation of Deep Learning

We assume a “population” probability distribution Pop on
pairs (x,y).

" = argql;nin E(x,y)NPop —In Py(yl|z)

This loss function L(z,y, ®) = —In Pg(y|z) is called cross
entropy loss.



A Second Fundamental Equation

Softmax: Converting Scores to Probabilities

We start from a “score” function sg(y|z) € R.

1 cSo(ylz)

7= Z eSo(ylz)

Y

Po(y|x)

= softmax s¢(y|)
Y



Note the Final Softmax Layer
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How Many Possibilities
We have y € )V where ) is some set of “possibilities”.
Binary: ¥V ={—1,1}
Multiclass: Y = {y,...y;.} k manageable.

Structured: vy is a “structured object” like a sentence. Here
Y| is unmanageable.



Binary Classification

Does This Image Contain a Bicycle?
We have a population distribution over (z, y) withy € {—1,1}.
We compute a single score s¢(x) where
for s¢(x) > 0 predict y = 1

for sg(z) < 0 predict y = —1



Binary Classification: Softmax Cross Entropy

1
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Binary Classification
Softmax Cross Entropy: — In Pyp(y|z) = In(1 + e ")
SVM Hinge loss: max(0, 1 — m)

==-0-1 loss
(eHinge loss |
—Logistic loss

-2 -1 [:)_ ..'1 2
margin m = 2ys(x), y € {—1,1}
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Multiclass Classification (Next Token Prediction)

We have a population distribution over (x, y) withy € {y1, ..., yi}.

Py (y|z) = softmax sg(y|r)
Y

¢* = argmin E L(x,y,P)

x,y)~Po
o y)~Pop

— arg&;nin E(a:,y)NPop —In Py(y|z)]
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Structured Labeling (Machine Translation)

We have a population of translation pairs (x,y) with x € V*
and y € Vy* where V. and Vj, are source and target vocabu-
laries respectively:.

O = argql;nin L2 y~Pop — In Pyp(ylz),
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AutoRegresive Models

For langage we typically use an autoregressive model:

P T, YL, .- = softmax s T, YL, .-,
o(Ytr1|T, v, -5 yt) s oy | Tyt yt)
[yl
Py(ylz) = || Polyes1 |z y1,- - ue)
t=0
[yl

—1HP<y|ZC) = Z —hlPCI)(yt—l—l ‘ xaylaﬂ'ayt)
t=0
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Other Models For Structured Labels

Alternatives to autoregressive models for the structured case
include (old school) graphical models and diffusion models.
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Fundamental Equation: Unconditional Form

P* = argql;nin Eypop |[—In Pop(y)]
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Summary

" = argglm E(a:,y)NPOp —In Poy(y[z)]

Pyylz) = %esam@; 7= esoltld
Y

= softmax s¢(y|z)
Y
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END



