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The Noisy Channel RDA

Φ∗ = argmin
Φ

Ey,ε ln
pΦ(zΦ(y, ε)|y)

p̂Φ(zΦ(y, ε))
+ λDist(y, yΦ(zΦ(y, ε)))

y z ŷ

We can require p̂Φ(z) be Gaussian. In that case we can sample z from
p̂Φ(z) and generate images (as in a GAN).
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A General Autoencoder

y z ŷ

We show below that for pΦ(z|y) and p̂Φ(z) both required to be Gaussian
we can assume without loss of generality that

p̂Φ(z) = N (0, I)
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Sampling

Sample z ∼ N (0, I) and compute yΦ(z)

[Alec Radford]

This is sampling — not compression. This is “decompressing” noise.
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Gaussian Noisy-Channel RDA

We now show that a reparameterization can always convert p̂Φ(z) to a
zero-mean identity-covariance Gaussian.

Φ∗ = argmin
Φ

Ey,ε ln
pΦ(zΦ(y, ε)|y)

p̂Φ(zΦ(y, ε))
+ λDist(y, yΦ(zΦ(y, ε)))

zΦ(y, ε) = µΦ(y) + σΦ(y)� ε ε ∼ N (0, I)

pΦ(z[i]|y) = N (µΦ(y)[i], σΦ(y)[i]))

p̂Φ(z[i]) = N (µ̂z[i], σ̂z[i])

Dist(y, ŷ) = ||y − ŷ||2
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Gaussian Noisy-Channel RDA

Φ∗ = argmin
Φ

Ey,ε ln
pΦ(zΦ(y, ε)|y)

p̂Φ(zΦ(y, ε))
+ λDist(y, yΦ(zΦ(y, ε)))

We will show that we can fix p̂Φ(z) to N (0, I).

pΦ(z[i]|y) = N (µΦ(y)[i], σΦ(y)[i])

p̂Φ(z[i]) = N (0, 1)

Dist(y, ŷ) = ||y − ŷ||2
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Gaussian Noisy-Channel RDA

Φ∗ = argmin
Φ

Ey,ε ln
pΦ(zΦ(y, ε)|y)

p̂Φ(zΦ(y, ε))
+ λDist(y, yΦ(zΦ(y, ε)))

= argmin
Φ

Ey∼Pop

 KL(pΦ(z|y), p̂Φ(z))

+λ Eε Dist(y, yΦ(zΦ(y, ε)))


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Closed Form KL-Divergence

KL(pΦ(z|y), p̂Φ(z))

=
∑
i

σΦ(y)[i]2 + (µΦ(y)[i]− µz[i])2

2σz[i]2
+ ln

σz[i]

σΦ(y)[i]
− 1

2
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Standardizing p̂Φ(z)

KL(pΦ(z|y), pΦ(z))

=
∑
i

σΦ(y)[i]2 + (µΦ(y)[i]− µz[i])2

2σz[i]2
+ ln

σz[i]

σΦ(y)[i]
− 1

2

KL(pΦ′(z|y),N (0, I))

=
∑
i

σΦ′(y)[i]2 + µΦ′(y)[i]2

2
+ ln

1

σΦ′(y)[i]
− 1

2
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Standardizing p̂Φ(z)

KLΦ =
∑
i

σΦ(y)[i]2 + (µΦ(y)[i]− µz[i])2

2σz[i]2
+ ln

σz[i]

σΦ(y)[i]
− 1

2

KLΦ′ =
∑
i

σΦ′(y)[i]2 + µΦ′(y)[i]2

2
+ ln

1

σΦ′(y)[i]
− 1

2

Setting Φ′ so that

µΦ′(y)[i] = (µΦ(y)[i]− µz[i])/σz[i]
σΦ′(y)[i] = σΦ(y)[i]/σz[i]

gives KL(pΦ(z|y), p̂Φ(z)) = KL(pΦ′(z|y),N (0, I)).
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END


